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In this article we are going to introduce the General formulas for finding the Sums of Series in all kinds of
Arithmetic Sequences, (Nth difference sequences). As we know finding Sums of the Series in sequences is very
hard and complicate; and it needs for a long times of calculating. But the introduced formulas in this Article
make it too easy to do.

First of all, the (fth differences sequences) is as below figure.
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FloorNo.8 =8 —45 —46 70 -108 —61 455 2484 8345 22547 53064

[FloorNo.7 =7 | -1 24 -38 47 516 2029 5861 14202 30517
[FloorNo.6 f=6 | -23 -14 85 469 1513 3832 8341 16315
[FloorNo.5 =5 | 9 99 384 1044 2319 4509 7974

[FloorNo.4  f=4 | 90 285 660 1275 2190 3465

[FloorNo.3 =3 | 195 375 615 915 1275

[FloorNo.2 =2 | 180 240 300 360

[FloorNo.1  f=1 Common difference floor | 60 60 60




In above figures, each one of the sequences makes a floor of building; and the difference of the terms oniit,
makes the lower sequence in lower floor of it.

In this article we are going to introduce a formula for summation of the series in above kinds of arithmetic
sequences, basis on coefficients of the “signed Stirling numbers of the first kind” .
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In mentioned formulas, in U “3”, means arithmetic sequence, and the value of “f” is number of the floor
which the arithmetic sequences are located on it, and the value of “t” is the number of the first “t” terms for
summation.

Attention: for the reason that, there is similarity in signs of elements in sequence and Stirling
numbers. for preventing of interference between subjects, we put some changes in signs of
elements in sequence’s subject. as “a” for sequence, and “f” means number of floor, and “t”
means time of term in sequence.
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located in floor No.5 or (f=5 & t=7) and Z (as) it means the summation of the first 7 terms
t=1

For example, it means the seventh 7" term of the arithmetic sequence No.5 which

7
of the arithmetic Series. Z (a5) = 9+ 99+ 384+ 1044+ 2319+ 4509+ 7974= 1633
7

t=1

The formula for generating the formulas for summation of the first “t” terms of the series of
arithmetic sequences.

n, k=(f-0) n, k=(f-1) n, k=(f-2) n, k=[f-(f-1)]
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Corrected form of above formula by using of double summation “double sigma” form is as
below formula.

n, k=[f-(f-1)] [f-(f-1)]
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What is the meaning of the above main formula?



It means that, the first “fractional expression” is an equation in term of “t”, power or degree of
“(f-0)”, and the parameters are a set of “signed Stirling numbers of the first kind” located in
row No. “equal with (f-0)”.
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For example the first “fractional expression” in above main formula for sequence tis,
n, k=(f-0)

s(n,k ~t(f_o)] s(7,k 770
Z [(,) [(17) J

! k=1,f =1 ! k=1,f =1
zl (af)t = (al)l' BT + | i d zl (37)t = (al)l' 7-0)! +
t= t=

n, k=(7-0)

Signed Stirling numbers of the first kind:

n Kok K, ks K, ks g K, ks kg
1

Ny 1

N, 4 1

N3 2 3 1

Ny 6 11 6 1

n

5 24 50 35 ~10 1

N6 _120 274 225 85 15 1

N7 720 _—1764 1624 735 175 21 1

" 5040 13068 -13132 6769  —1960 322 -28 1

N9 40320 —109584 118124 —67284 22449 4536 546 36 1

(2)

The first “fractional expression” in above “main formula” for sequence 'as sigma’s saying

t ( ) -{s(nrkl)-t(fl_o) + s(n7,k2) t(fz_o) + s(n7,k3) t(f3—0) + s(n7,k4) t(f4_0) + s(n7,k5) t(f5—0) + s(n7,k6) t(fs_o) + s(n7,k7) t(f7_0)

(f-0)!

Then after putting the related “Stirling numbers” as parameters of equation the first “fractional expression”

(E“7)t

will be create for sequence.

! 720tl = 1764t2 3 1624t3 = 735t4 4 175t5 = 21-t6 4 1-t7
2. (%)= (2 i
t 1 7!
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The second “fractional expression” in above “main formula” for sequence as sigma’s
saying

Z (a7)t = (al)l»(First fraction) + (az)l_ 61 — 65

t=a

5(” .k )'t(fl_l) + S(ne,kz)t(fz_l) + s(na,ks) t(f3_l) + s(ne,k4)t(f4_1) + s(n K )t(fs_l) . s(n I )t(fe—l):|

Then after putting the related “Stirling numbers” as parameters of equation, the second
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. . . t
“fractional expression” will be create for sequence

(2-1) (3-1) (4-1) (5-1) (6-1) (7-1)
. . —120t + 274t — 225t + 85t — 15t + 1t
E (a7)t = (a1)1~(F|rst fraction) + (az)l{ 71! }

2 3 6
Z (a7)t = (al)l.(First fraction) + (az)l.(_lzot R 225:3! + 85t~ 150 + 1 J +
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The third “fractional expression” in above “main formula” for sequence as sigma’s saying
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z (67)t = (al)lA(First fraction) + (az)l-(Second faction) + (as) l ( 5k )t ( s’kz)t ( 5,k3)t ( : )t ( 5,k5)t

1 (f-2)!

t=a

Then after putting the related “Stirling numbers” as parameters of equation the third

(#)

. . . t
“fractional expression” will be create for sequence

t (f1-2) (f-2) (fs-2) (fs2) , (fs-2)

tz (a7)t = (al)l-(First fraction) + (a2)1~(Second faction) + (a3)1~[24t — S0t i 3(?_ 2 - 10t Lt + ...+
=1

And then
t 2 3 4 5
. . . 24t -50t + 35t — 10t +t
Z (a7)t = (a1)1~(F|rst fraction) + (az)l-(Second faction) + (a3)1-( 5 ) + ...+
t=1

Now we are completed the third “fractional expression” and in continue by above mentioned
manner, ( by reducing or increasing the lower and upper limits of sigma’s parameters, as value
of “f, n, k” we should create the other "fractional expression" one by one till the last one of
them.
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The last “fractional expression” in above “main formula” for sequence "as sigma’s saying
n, k=[f—(f-1)]
S, g 001

Z (a7)t = (al)l.(First fraction) + (az)l.(Second faction) + (as)l.(Third faction) + ...+ (af)l. S =i TaTT

t=u
Then after putting the related “Stirling numbers” as parameters of equation the last, 7" (for
, (""7)t
present example) “fractional expression” will be create for sequence
n, k=[7-(7-1)]
[7-(7-1)]
t > s ]
: . . . . k=1,f =7
Z (a7)t = (al)l-(Flrst fraction) + (a2)1~(8econd faction) + (a3)1-(Th|rd faction) + ...+ (a7)1- TR

t=u

t
z (a7)t = (a1)1~(1th fraction) + (a2)1~(2th fraction) + (a3)1~(3th fraction) + (a 4)1~(4th fraction) + (as)l-(Sth fraction) + (ae)l-(6th fraction) + (a7)1-1’1—t!1

t=u
The general fourmula for summation of the first “t” terms of the series of arithmetic

(a (a7)8
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t . .
locates in floor No.7 with a sample for sequence

sequences

g 720t - 1764t + 1624t - 735¢" + 1756 —20.° + 120t + 274° - 2256 + 85t* — 156 + € 20t -502 + 356 —10¢* + str 11?6ttt 2t-3+ ¢ 4t t

> (-t e L o) | L (o) = (o) |G | 2 e o | 2+ (o) (5)
t=1

-1+ 24+ -38+ 47+ 516+ 2029+ 5861+ 14202= 22592

2 3 4 5 6 2 3 4 5 2 3 4 2 3 2
] . 130['1203" 2748 -225: +858 158+ 8 ] . 195(248—508 + 35‘:':8 -108" + 8 j . 90[-ﬁ-s+ 11-34'- 68 + 8 ] . 9_(2-3-3: +8 ] . (-za-[‘B; g ] . (-1)-(%) 22502

60[ 7208 - 17648 + 16248° — 7358" + 1758° — 21.8° + 8'
7

By the main formula we can create the formulas for other sequences located in lower and

upper floors
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and an example for are as below.

For example: the formula for the sequence

72001764’ + 1624 - 735t v 1750 - 21+ ) ) (20t 274l 2258 v 5t 1504 ) ) [2m-sodi a5 a0 ) o fetendoedad) o) (aecafed) 0 (e d) )
( 3)1 6 ( ‘)1 5! ( 5)1 4 [ 5)1 3 (37)1 2 [33)1 )"

7

g 5040t + 13068 — 131326 + 6760t — 10600° + 322° — 284" +
3, o (o {20 SLUSE S S

t=1

(45 + (-46) + (70 + (-109 + (-61) + (459 + (248 + (8349 + (2254] + (5306) = 86565
16" - 28 10/ + 322 16° - 1960+ 16° + 6769+ 10° - 13132+ 16" + 13068 10° - 5040+ 10 200 - 21x 16° + 175¢ 10° - 735< 10" + 162x 16° - 1764x 16 + 720 10 16° ~ 15 10° + 85x 10° - 2254 16° + 2741 - 120 20 16~ 10x 10*+ 35x 16 - 50x1F + 2010 (16616 + 11x1F ~6x 20 10 -3x 16+ 2x 20 110 10
60) z + 180] = + 105| z 90 = i = +-23] 2 1| B+ as{ 77 - eeses
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For example: the formula for the sequence and an example for are as below.
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Important point: by adding the value of the first term of upper Sequence to formula of lower
sequence we can determine the terms of upper sequences.
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1- Wikipedia “Stirling numbers of the first kind”
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